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Introduction

Collisional kinetic equation with no force :

0y +v-V)F(t,z,v) =CI[F(t,x,")] (v)

Macroscopic elastic conservation (mass, momentum, energy):

o(v) =1L v1,...,vq, 0] C[F](v)p(v)dv = 0.
Rd'

Microscopic dissipation (H-theorem) : For some convex ® : R — R

VF, / C[F](v)®(F(v))dv <0.
Rd
and, denoting m = / F(v) (1,v, [v|?) dv the conserved macroscopic quantities
Rd

VF, dC[F](v)@(F(v))dsz(:)C[F]:0<:>F(U)=Mm(v).

Examples : (quantum) Boltzmann and Landau, BGK, non-linear Fokker-Planck



Introduction

Small fluctuations in diffusive regime : F(t,z,v) = My01(v) +ef° (e2t,ex,v)

Ouf* = AL —ev- Vo) fF + 71 QU f) +o (7))

where C[M g1 + eg] = eLg +2Q(g,9) + 0 (£?)

Theorem (Bardos, Golse, Levermore, 1991 (for ®(u) = — logu))

If f¢ — f9 and every term of the equation converges formally, then

ot z,v) = (uo(t, z) v+ 0%t ) (Jv)® — est.)) Mi 1 (v)

Ol + u¥ - Vul = ke Aul + Vp, V-ul =0, K= Kine(L) >0,
0,60° + ul - VO° = Ky, AGO, KFou = Krou(L) >0

Weak convergence: For Boltzmann (Bardos, Golse, Levermore, Saint-Raymond,
Arsénio)




Introduction

Small fluctuations in diffusive regime : F(t,z,v) = My01(v) +£f° (e2t,ex,0)

Ouff = AL —ev- Vo) fF + 71 QU f) +o (7))

where C[M 01 4 €g] = eLg +2Q(g,9) + 0 (£?)

Theorem (Bardos, Golse, Levermore, 1991 (for ®(u) = — logu))

If f¢ — f° and every term of the equation converges formally, then
o, z,v) = (uo(t, z) v+ 0%t ) (Jv)® — cst.)) Mi1(v)

Ol + ul - Vul = ke Au® + Vp, V-ul =0, Kipe=kine(L) >0,
0¢0° + u° - VO° = kp,, A0, KFou = Krou(L) > 0

Quantitative convergence: For Boltzmann or Landau (Bardos, Ukai, Gallagher,
Tristani, Carrapatoso, Rachid) using spectral studies (Ellis, Pinsky, Yang, Yu)




Introduction

Small fluctuations in diffusive regime : F(¢,z,v) = My 0,1 (v) +ef¢ (£%t,ex,v)

0 f° = 2L —ev-Vo)f* +e 1 Q(f% ) +o ()

where C[M g1 + eg] = eLg +2Q(g,9) + o (£?)

Theorem (Bardos, Golse, Levermore, 1991 (for ®(u) = — log w))

If f¢ — f° and every term of the equation converges formally, then
fo(t,z,v) = (uo(t, z) v+ 6%t z)(jv]? — cst.)) Mio1(v)

Ol + u® - Vul = ke Au® + Vp, V-ul =0, Kie=kin(L) >0,
0:0° + ¥ - VO° = Kk AG°, KFou = Krou(L) > 0

Limitations on quantitative approach:
» Only ®(u) = — log u (exclude quantum equations)
» Equations treated separately (although common structure)
» Non-constructive spectral studies
> Restrictive integrability condition




Introduction

Our structural assumptions
Consider V! C V := L? (u~'dv) where (v)*u € L} and £ = L~
(H1) Isotropy : YO € R¥*? orthogonal, denoting (Of)(v) = f(Ov)
O(Lf) =L(Of),  0Q(f.f) =Q(0f,0f),
(H2) Macroscopic conservation law:

ker £ = Span (p, vij, ..., vap, |v|2u) cvt
<£f7<p>V = <Q(f7f)7<p>v =0, @Eker(ﬁ)

(H3) Microscopic dissipation (linearized H-theorem):

(Lf, fHiv < _”H(kerﬁ)if”%ﬂ and |[L, (v)tond 2] =LO.T.
L = dissipative— compact

(H4) Control of the collisions by the energy V' and the dissipated entropy V'':

(Q(f,9), Wyv S [IAllve (Lf v llglv + [1f kv llglve)



Introduction

Our structural assumptions
Consider V! C V := L? (u~'dv) where (v)*u € L} and £ = L~
(H1) Isotropy : YO € R%*? orthogonal, denoting (O f)(v) = f(Ov)
O(Lf)=L(Of),  0Q(f,f)=Q(Of,0f),
(H2) Macroscopic conservation law:

ker £ = Span (p, vip, ..., vap, |v|2u) cvt

(Lfo)v =(Qf, ey =0, ¢ eker(L)
(H3) Microscopic dissipation (linearized H-theorem):

(Lf, fiv < —IMger )2 flly2 and  [L, (v)!*9?] = L.O.T.

L = di ssipative—F compact

(H4) Control of the collisions by the energy V' and the dissipated entropy V':

_ /
1e(f. 9)llv- S Iflvilglv + I flviglve, V7= (Vi) wrt Vv



Strategy

Our problem: profile of small fluctuations f¢ around an equilibrium
(3 1 (> 1 £ 1 £ £ — g
atf +gvvxf = ?Ef +EQ(.}C a.f ) +Q€€/J/)/v f (Oa‘T,U) :fin(xvv)

Goal: show that

e—0

et zv) — (u(t,x) cv 4 0(t, x) (|v|2 — cst.)) w(v)

O+ u - Ve = KineAgu, Vg-u=0,
00 + u - V0 = Kpou AL 0.

and describe/quantify the convergence.



Strategy

Our problem: profile of small fluctuations f¢ around an equilibrium

() =US(t) fin + 95 (f5, ) (1)
where

U= (£) = exp (; (L—ev- vw))

W, £)(8) = L / US(t — 1) Q(f (). f(r))dr

3

Goal: show that

e—0

fe(t, 2, 0) == (u(t,z) v+ 0(tz) (Jv]* — est.)) p(v)

Ou+u-Vau = KineAzu, Vg -u=0,
8t9 +u- Vmﬁ = ﬂFouA10~

and describe/quantify the convergence.



Strategy

Strategy for the existence of solutions

Identify some ‘‘hydrodynamic” and ‘‘kinetic” regimes:
(oo}
1= s0p 15Ol + [ IV f Oyt (ien)

2 1 [ 2 o
b= O, + 5 [ IO et ()
t>0 “" 13 0 z Vo

and a decomposition of the semigroup/nonlinearity:

/1

t
U®(t) = exp <52 (L—ev- Vw)> = Utydro @ Ukine

I -
\Ila(fa f)(t) = g / Ug(t - T)Q(f(T)? f(T))dT = \Ijliydro(fv f) + \I]iine(fv f)
0
compatible with the corresponding regimes:
”U}fydrof”?-l 5 Hf”HﬁVv? HUkEinefHICE 5 ”fHHﬁVu

[ Phgaro (s Dl S WG 1 %5e(F Dl S 1Nk




Strategy

Strategy for the existence of solutions
Identify some ‘‘hydrodynamic” and ‘‘kinetic” regimes:

(oo}
1= sop £ Oy + [ IV f Oyt (en)

2 1 o 2  ainativ
1 = sup I f Ol + 5 [ RO gypdt, ()

and a decomposition of the semigroup/nonlinearity:

t
Ug(t) = exp (82 (E —Ev- vw)) = Ulfydro ® Uksine

V(A0 = £ [ U= Q). ST = Wi £)+ Vi 1-1)
Consider an arbitrary system of equations

€ t) = US ) fi 4 WE € € +
fhydro( ) hydro( )fln hydro(fhydroﬂ fhydro) pieard fe = .fhEydro 4 kaine 4

fkgme(t) - Uksil’le(t)f'in + \Illfine(fksineﬂ kaine) J’» R —> e H + ’C.‘S +
is a solution



Strategy

Strategy for the convergence

Kinetic convergence : OK because || G|l S 1= f5,. = O (e“’t/ 82)

Hydrodynamic convergence : To prove the convergence of

f}fydro(t) = U}fydro (t)fin + \Ijkslydro(fl‘lsydrm f}fydro) T+
(1) Show the convergence of the ‘‘hydrodynamic” operators:
UhEydro = UI?IS + 0(5) and \I/ﬁydro(fa f) = \If%s(f, f) +0 (5)
(2) Check from explicit expressions of Upg and W3 that
() =URs(8)£(0) + TR (f, £)(t)
Flta,v) = (ult, ) - v +0(t2) (o] = ost) (o),

(u,0) isamild solution of INSF



Outline of the proof of the (non)linear bounds

Proposition (G, Lods)

The semigroup and Duhamelized nonlinearity split

€ t £ re
U*(t) = exp (;2 (L—ev- Vz)) = Utyaro(t) @ Ukine (1)

/ "t = QU (), F(P))r = Weya (£, )(B) + Wi (£ O

and satisfy the continuity estimates
”Uhsydrof”’H /S Hf”Hf,Vv? HUkEinefH/CE S ||f‘ HLV,

[ Phyaro(fs Ol S UG 1Gine (s Nl Sellf]

2
ce

Difficulties:
1. Find the decomposition in stable subspaces H.V,, = hydro® & kine®
2. Compensate the stiff factor
3. Compensate the deregularizing effect @ : V! — V1



Outline of the proof of the (non)linear bounds

Finding stable subspaces of £ — v - V, : localization of (£ — iv - £)

Localization for £ = O:

e}

Az TO

Localization for |£| < 1: Localization for |£| 2> 1:
SRZ = 7)\5

Rz = 7)\5

CH4

e
~ €]

Factorization method inspired from [T] Mode by mode hypocoercivity from [D]
using [£, (v)] = L.O.T. from (H3)

%“I‘nin{l, €17}

Disjoint parts of X (L — iv - ) = stable kinetic(§) and hydro(&) subspaces

[T] Tristani, 2016 (j.jf2.2015.09.025)  [D] Duan, 2011 (0951-7715/24/8/003).



Outline of the proof of the (non)linear bounds
Localization of hydrodynamic modes for |(| < 1 and Rz > — )\,
Naive approach for localization:

(L—iv-&E—2)t=(L-2) 1+ (L—iv-£—2)7" (L=2)"" &

Solution by enlargement method: £ = B + A with A = M1, <y
(£, (v)] = L.O.T. from (H3) = B¢ := B — iv - { dissipative on L* ((v)p~"dv)
S I = )7 S 1+ 1/]2] on 2 ({0}~ do)
Insert (%) in the right hand side of the expansion
(L—iv-&—2) =B —2) "+ (L—iv-&—2) LABe — 2) 7!
to use that :
(L—iv-E—2) =B —2) "+ (L—2)TABe — 2)7*
bounded
+(L—iv-E—2)7" (£ —2) " ABe —2)7
of order [£|(1+1/]|z])
Thus bounded for |{| < 1 and |¢| < |z| = spectrum localized in B(0, C|£]).




Outline of the proof of the (non)linear bounds

Localization of hydrodynamic modes for |(| < 1 and Rz > — )\,

Naive approach for localization:

(L—iv-&=2) ' =(L—2) '+ (L—iv-€=2)7" (L-2)"" ®

Solution by enlargement method: £ = B + A with A = M1,j<p

(£, (v)] = L.O.T. from (H3) = B¢ := B — iv - { dissipative on L* ((v)p~"dv)
= (£~ 27" £1+1/|zlon L? ((v)u™"dv)

Insert (x) in the right hand side of the expansion
(L—iv-E—2)t=Be—2) '+ (L—iv-&—2) LABe — 2) 71
to use that

I =0 =7 (L= estle] (L+1/12) S 1+

Thus bounded for || < 1 and |{| < |z| = spectrum localized in B(0, C|¢]).



Outline of the proof of the (non)linear bounds

The kinetic regime

Scaling (t,2) — (£,%2) = L —i(v-§) = & (L —ic(v-€))

€2’ e

Localization for |¢]| < e~ 1: Localization for £| > e~ 1:

#t
Rz< %

1 lizati o thod 1 e
f cv ocalization Uksinef c LtOOV’U (€t€2 dt) enj:iygr?;:’:_) ;Ukeinef c L?‘/Ul (6t52 dt)

)

convolution using (x)

= | |Ukine fllxce S 111

HﬁVu 5 EHfHQ/C"

HiUkEmc *¢ Q(f f)

__double regularization

double smallness K

=5 () ll e




Outline of the proof of the (non)linear bounds

Construction of the hydrodynamic modes

Expansion of the spectral hydrodynamic projector/Kato’s isomorphism :
Resolvent bounds + enlargement method using [£, (v)?x] = L.O.T. from (H3)

= expansion of hydrodynamic projector P (&) : V! — hydro space(¢) € V!

= expansion of Kato’s isomorphism ®(¢) : ker(£) — hydro space(&)
Diagonalization/expansion of the hydrodynamic part of £ — iv - £ for |{| < 1:

. @(§) .
Define the reduced matrix L(¢) € B(ker(L)) ~" (L —i(v-£)) Ihydro. space(€)
Isotropy = L(&)|¢|—o diagonalizable = diagonalization/expansion of L (&)

=> expansion of spectral projections using expansion of ®(&):
73(5) = PFou(f) ® PinC(f) D P+OSC(§) & P—OSC(f)v
Po() = P (/1) + - PV (E/lED + O (1EP) vt V)

=> expansion of eigenvalues:

)\Fou(f) = _HFou‘g‘Q +0 (|€|3> ) /\inc(g) = _Hinc‘f‘z +0 (|§|3) )
Aose(§) = Ficl¢|—rosc|E]* + O (1)



Outline of the proof of the (non)linear bounds
Hydrodynamic regime (x = inc, Fou, +osc)
Linear estimate:

p )\* Tk o i
N e 555)) SR and PO

$2x(eVa)
e

= 2P,

HLV)

HLv, ||Uhydrof||7'l HfHH’\

10201y,
Reminder: H = L° H! N LZHH (parabolic regularity)

Nonlinear estimate:

POy =P? and Q L ker(£) from (H2) = PV Q =0

= Pu()Q~ 0+ -PY(E/IE) Qf.9)c V!

= H Uy 1 Q(ﬁf)HH 190 P, < 112




Rough idea of the proof of hydrodynamic
convergence

Refining the previous step, one gets for x = Fou, inc
Us(t) =U%(t)+ O(e) and TE(t) = UO(t) + O(e)
where each limit writes

U° (t) — etn*AmrP(()) (V.L)

WO, £)(t) = / =B p()(7,)Q (F(7), f(7)) dr

0
which is related to the mild formulation of Navier-Stokes-Fourier:

u(t) = ey (0) + /0 B P [V,  (u(r) © u(r))] dr

o) = ev=-0(0) + [T (9, 0

And for the oscillating terms:

Uie®) =0 (5) and Wi (f.0) = 0().



TLDR: study of the hydrodynamic operators

Perturbation in finite dimension = construction of eigenmodes (A, (&), Px(£))

Us(0)F(€) = ¢ " MEOP () F(E),  Ubaro = Usic + U + Ulie

> R (A(6)) < —|€|* = parabolic estimate in (¢, x)
> P, (€): V! - V! = regularization in v

UL F e S W T gev

> P(€) = PO (¢/l€]) + O (=€)
> O L ker(£) from (H2) + P =POM. ) = PPO=0

= H Ulfydro *t Q(f7 f)H ||\Ijhydro fa || Hf“%—l
H

Enlargement + £, (v)?] = LOT from (H3) = good expansion of (A, (£), Px(¢))
= expansion of U (t) and U5(f, f)

Use + Usow = Uns + O(e) |

Use = O /D) | Tiyao = Uns + O(e)




Conclusion

Statement of the theorem

Previous estimates: || f{ 4, (0)[| < 1ande <1 Pleardnear 0, 3 pe.

icard near f° . .
Better: 3fJg + norm such that Hfl(\I)S”H(fo <ix1l Pleardnear /7, 3f¢ (as in [GT])
NS>

)
Theorem (G, Lods) — ArXiv:2304.11698

Consider any (non-small) fi, € HSL? (1~ 'dv), for any ¢ < 1, 3! solution to
Off+e v Vof =L+ 'Q(f5 f7), f°€LPHLL? (u dudz),
with the same lifespan as the Navier-Stokes limit f°, and for smooth initial data
2 € %
£ = 3+ 0 (/%) + 0 (vB) + 0 ((t) )
and for incompressible initial data

ff=hs+0 (e‘t”/52> + O (e) (optimal)

[GT] Gallagher, Tristani, 2020 (10.5802/ahl.40).



Conclusion

Remarks and perspectives

Better integrability in v: similar assumptions in W = L? (m(v)dv) D V:
> fin(z,) €Wy = foe(ta,) €Wy but  fr.(tx,-) €V, CW,
» nonlinear theory more complicated (Boltzmann without cutoff/Landau)

Constructive estimates: Enlargement theory + hypocoercivity = no compactness

Works for bilinear approximation of non-bilinear models:
» Boltzmann/Landau-Fermi-Dirac: C[F] = Q(F, F') + trilinear term
» BGK:C[F]|=M[F]-F

> Nonlinear Fokker-Planck: C[F| = TrV, - (M [F]V, (ﬁ))

Use of isotropy: adaptable to relativistic velocities v - V, — ﬁ -V



Thank you for your attention



Extra

Kato’s reduction process: eigen. pbm. in Banach — eigen. pbm. in finite dimension

Figure: Localization of Spec(£ — i(v - £)) for |¢] < 1

Goal: expansion of eigenvalues and eigenfunctions of (L’ —i(v-¢& )) Inydro. space(€)

Difficulty: hydro. space({) depends on £



Extra

Kato’s reduction process: eigen. pbm. in Banach — eigen. pbm. in finite dimension

Figure: Localization of Spec(£ — i(v - £)) for |¢] < 1

Goal: expansion of eigenvalues and eigenfunctions of (L’ —i(v-¢& )) Inydro. space(€)

Difficulty: hydro. space({) depends on £
Solution: Rectify £ — i(v - £) to a matrix L(§) by conjugating with

®(&) : hydro. space(§) 50 ker £ ~ CH2



Extra

Kato’s reduction process

-
Tl =

Projection on the hydrodynamic spectrum(§) = R(P(&)):

PE) = — (= L+i(w-€) dze B (V' =V

2m |z|=r

Kato’s isomorphism:
POPE) +PO) PE)" = : hydro. space 50, ker(L
Jd— (PE PO (€) : hydro. space(§) — ker(£)

B(E) = Id+ [g[o) + g, D ez (VT V)
Rectified operator:

L(&) = 2(&) (L —i(v-€)P(&) " € B(ker L) ~ ClITD*(dF2)




Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(€)

Problem: [¢|71L(&) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(§):

 (ine(Od 0 ) e 1EP?
L(g) - ( 0 €|M(£)> ) )\mc(g) - mc|£| ’

in the decomposition

{u-v,u|uJ_§}@{Qu+a£-vp+e|v|2u : (0, a,e) €R3}

+ic 0 0 —Kosc * *
M(g) = 0 0 0 + |€| * —KFou *
0 0 —ic * * —HKosc

Conclusion: L(&) diagonalizable + expansion of eigenprojector and eigenvalues:
Atose(§) = Ficl¢] — “os&:‘€|2 ) AFou(§) = _”Fou|§|2

where

L(E) =Y AP,  Pu&) =P +|e|P + g2 P



Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(€)

Problem: |¢|~1L(¢) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

= (" ) wl© = e ,
in the decomposition

{u-vplu L& {op+at-vu+elwu: (o,ae) € R}

where

Consequence: expansion of ®(£) = expansion of (£ — i(v * £))|nydro. space(e)

(C - ’i(’U : g))\hydm space(€) (ID(g)_lL(g)CI)(f)



Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(€)

Problem: [£|71L(&) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

inc d
L(E) = (/\ E)f)l §|]\3(£)> s )\inc(g) = _"ﬁinc|f|2 y
in the decomposition

{u-v,u|uJ_§}@{Qu+a£-vp+e|v|2u : (0, a,€) E]Rg}

+ic 0 0 —Kose * *
ME&=10 0 0 |+ * — KFou *
0 0 —ic * * —Kosc

Consequence: expansion of ®(¢) = expansion of (£ —i(v - §))

where

|hydro. space(&) :

(‘C - i(”U ’ 5))|hydro. space(€) — Z )‘*(S)P*(g)

Pu(&) = B(&) T P(6)D() = PV + || P + |¢)PP, ) =1yt
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